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Abstract We consider the ghost-condensate model of dark
energy with a generic potential term. The inclusion of the
potential is shown to give greater freedom in realising the
phantom regime. The self-consistency of the analysis is
demonstrated using WMAP7 + BAO + Hubble data.
1 Introduction
Recent cosmological observations indicate late-time accel-
eration of the observable universe [1,2]. Why the evolu-
tion of the universe is interposed between an early inflation-
ary phase and the late-time acceleration is a yet-unresolved
problem. Various theoretical attempts have been undertaken
to confront this observational fact. Although the simplest
way to explain this behavior is the consideration of a cos-
mological constant [3], the known fine-tuning problem [4]
led to the dark energy paradigm. Here one introduces exotic
dark energy component in the form of scalar fields such as
quintessence [6–12], k-essence [13–16] etc. Quintessence is
based on scalar field models using a canonical field with
a slowly varying potential. On the other hand the models
grouped under k-essence are characterized by noncanonical
kinetic terms. A key feature of the k-essence models is that
the cosmic acceleration is realized by the kinetic energy of the
scalar field. The popular models under this category include
the phantom model, the ghost-condensate model etc [4,5].
It is well-known that the late time cosmic acceleration
requires an exotic equation of state ωDE < − 13 . From the
seven year Wilkinson Microwave Anisotropy Probe
(WMAP7) observations data, distance measurements from





of a constant EOS for dark energy has been estimated as
ωDE = −1.10 ± 0.14 (68 %CL) for flat universe [17]. Pri-
mary results from PAN-STARRS in fact pushes this limit
further [18] though the full data is yet to arrive. No scalar
field dark energy model with canonical kinetic energy term
can achieve ωDE < −1. For this one has to consider a scalar
field theory with negative kinetic energy along with a field
potential. The resulting phantom model [19–24] is exten-
sively used to confront cosmological observation [25–30].
The phantom model is however ridden with various insta-
bilities as its energy density is unbounded. This instability can
be eliminated in the so-called ghost-condensate (GC) models
[31] by including a term quadratic in the kinetic energy. In
this context let us note that to realize the late-time acceler-
ation scenario some self-interaction must be present in the
phantom model. In contrast, in the GC models the inclusion
of self-interaction potential of the scalar field is believed to
be a matter of choice [4]. This fact, though not unfamiliar,
has not been emphasised much in the literature. In the present
paper we show that by including a potential term in the GC
model brings more flexibility in realising the phantom evo-
lution.
It is well-known that the GC model without the poten-
tial resides within the phantom regime for a certain range of
values of the scalar field kinetic energy [4]. We will demon-
strate here that these range is widened in presence of a generic
potential term. Note that this widening is a consequence of the
field theoretic aspects of the present dark energy model. Also
it crucially depends on the positive energy condition. The
question arises whether these conditions for achieving the
phantom regime are consistent with the scalar field dynam-
ics or not.
Now the scalar field dynamics is not independent but is
coupled with gravity. Usually one assumes a specific poten-
tial and the consequent evolution is studied. But in this paper
our objective is to point out the advantage of including a
potential in the GC model for achieving the phantom regime.
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Thus we start with an arbitrary potential and exploit a spe-
cific feature of the GC action to show that the potential can
be expressed in terms of observable parameters (e.g. H˙ ) once
the evolution of the scale factor is chosen. Naturally we use
the phantom power law here. Consequently the kinetic and
potential energy are expressed as functions of time. We still
require observational data to fix the geometric parameters
appearing in these functional relations so that their time-
evolutions can be explicitly obtained. For this purpose the
combined WMAP7 + BAO + Hubble data will be used. The
potential and kinetic energy are plotted. The plots clearly
show that the criteria derived here for our model to realize
the phantom evolution hold throughout the entire late-time
evolution.
The organization of this paper is as follows. In Sect. 2 we
briefly review the ghost-condensate model with an arbitrary
potential. The equations of motion for the scalar field and
the scale factor are derived. These equations exhibit the cou-
pling between the scalar field dynamics and gravity. Expres-
sions for the energy density and pressure of the dark energy
components are computed. These expressions are used in
Sect. 3 to find the criteria for the model to acquire phan-
tom evolution. In Sect. 4 we utilize an obvious algebric con-
sistency which leads to a quadratic equation in the poten-
tial. Solving this the generic potential is expressed in terms
of measurable geometric quantities. To fix these geometric
quantities phantom power law evolution is assumed and the
combined WMAP7 + BAO + Hubble data is used in Sect. 5.
The explicite time variations of the potential and the kinetic
energy are obtained. We provide the plots of these quantities
throughout the late-time evolution. Remarkably the condi-
tions for the phantom regime given in Sect. 3 are observed to
hold. Finally we conclude in Sect. 6.
2 The model
In this section we consider the ghost-condensate model with












Lφ = −X + X
2
M4




M is a mass parameter, R the Ricci scalar and G = k2/8π
the gravitational constant. The term Lm accounts for the total
(dark plus baryonic) matter content of the universe, which is
assumed to be a barotropic fluid with energy density ρm and
pressure pm , and equation-of-state parameter wm = pm/ρm .
We neglect the radiation sector for simplicity.
The action given by Eq. (1) describes a scalar field inter-
acting with gravity. Invoking the cosmological principle one
requires the metric to be of the Robertson–Walker (RW) form
ds2 = dt2 − a2(t)
[
dr2




where t is the cosmic time, r is the spatial radial coordinate,
2 is the 2-dimensional unit sphere volume, K characterizes
the curvature of 3-dimensional space and a(t) is the scale










(ρm + pm + ρφ + pφ) + K
a2
, (6)
In the above a dot denotes derivative with respect to t and
H ≡ a˙/a is the Hubble parameter. In these expressions, ρφ
and pφ are respectively the energy density and pressure of
the scalar field. The quantities ρφ and pφ are defined through






A straightforward calculation gives






Assuming a perfect fluid model we identify
ρφ = −X + 3X
2
M4
+ V (φ) (9)
pφ = Lφ = −X + X
2
M4
− V (φ) (10)
The equation of motion for the scalar field φ can be derived
from the action (1). Due to the isotropy of the FLRW universe
the scalar field is a function of time only. Consequently, its















As is well known the same equation of motion follows from
the conservation of Tμν . Indeed under isotropy the Eqs. (9)
and (10) reduce to




+ V (φ) (12)




− V (φ) (13)
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From the conservation condition ∇μT (φ)μν = 0 we get
ρ˙φ + 3H(ρφ + pφ) = 0, (14)
which, written equivalently in field terms gives Eq. (11).
To complete the set of differential Eqs. (5), (6), (14) we
include the equation for the evolution of matter density
ρ˙m + 3H(1 + wm)ρm = 0, (15)
where wm = pm/ρm is the matter equation of state parame-










where n = 3(1 + wm) and ρm0 ≥ 0 is the value of matter
density at present time t0. Now, the set of Eqs. (5), (6), (14)
and (15) must give the dynamics of the scalar field under
gravity in a self-consistent manner. In the next section we
investigate the criteria for the GC model to realise the phan-
tom evolution.
3 Criteria for realising the phantom regime
The phantom regime is demarcated by ωφ < −1 where ωφ





In the present section we investigate the criteria for our model
to be in the phantom regime using the definition (17) only
without recourse to actual dynamics. From Eqs. (12) and (13),
the EoS parameter for the field φ is obtained as
ωφ =
− φ˙22 + φ˙
4
4M4 − V (φ)
− φ˙22 + 3φ˙
4
4M4 + V (φ)
(18)
Defining f (φ˙) = ( φ˙22 − 3φ˙44M4
)
(18) can be cast in the form





V (φ) − f (φ˙) (19)
This equation is more suitable to discuss the conditions for
achieving the phantom regime.
1. First assume that there is no self-interaction, i.e., V (φ) =
0. The positive energy condition ensures that ρφ =





0. These lead to the following bounds [4]
2
3
M4 < φ˙2 < M4 (20)
so that the phantom regime is attained.
2. Now suppose, V (φ) = 0. From the positive energy con-
dition ρφ > 0, (see Eq. (12)) we get
V (φ) > f (φ˙) (21)
The only restriction imposed is now φ˙2 < M4. Of course
φ˙ is real so we now require
0 < φ˙2 < M4 (22)
Comparing the Eqs. (20) and (22) it is clear that inclusion
of appropriate self-interaction provides greater flexibility to
realise the phantom domain. In the phantom domain the scale







where t0 and ts are the present time and big-rip time [19,20]
respectively. These parameters are obtained from observa-
tional data. In this connection it is important to note that
the condition (22) is obtained from the definition of the
EoS (17) which in turn follows from the particular energy-
momentum tensor obtained from the model (2, 3). Such
quantities have been termed as the ‘physical variables’ in
the literature [33,34]. In contrast the geometric quantities
(e.g. the Hubble parameter H (t) and its time-derivative) are
determined from observations in a model-independent way
[33,34]. Naturally one wonders whether the dynamical evo-
lution of the system according to the phantom power law
always conforms with the condition (22).
At this point, one should note that in general, the dynami-
cal evolution of the fields can not be worked out if the poten-
tial is not specified. However, as emphasised in the intro-
duction, a specific aspect fo the GC model (2, 3) allows
us to express the arbitrary potential in terms of geometric
quantities. Consequently, the field variables and the potential
here can be expressed as function of time once the geomet-
ric parameters involved in (23) are fixed from observational
data. It will then be possible to answer whether our criteria
remains satisfied with the phantom evolution throughout the
late time.
4 The potential from geometric quantities
In this section we will exploit the structure of the model (2,
3) to establish an algebraic identity which will enable us to
express the generic potential in terms of geometric quantities.
We start by constructing two independent combinations of
the pressure and energy density of the dark energy sector
in terms of the Hubble parameter H , matter energy density
ρm , matter equation of state parameter wm and curvature
parameter K using (5), (6) and (15)
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ρφ + pφ = A = −2H˙k2 −
n
3
ρm + 2Kk2a2 (24)
ρφ + 3pφ = B = − 6a¨k2a − (n − 2) ρm (25)
Using Eqs. (12) and (13), we rewrite these combinations in
terms of the ghost-condensate field derivative φ˙ and potential
V (φ):




ρφ + 3pφ = B = −2φ˙2 + 3φ˙
4
2M4
− 2V (φ) (27)
Inverting the Eqs. (26, 27) we can write φ˙2 and φ˙4 in terms
of A, B and V (φ) as
φ˙2 = 3A − 2B − 4V (φ) (28)
φ˙4 = 2M4 [(2A − B) − 2V (φ)] (29)
Note that there is an obvious suggestion lurking behind the
Eqs. (28) and (29), namely, the algebraic identity
(
φ˙2
)2 = φ˙4 (30)
If one substitutes both sides of the identity from Eqs. (28)
and (29) an equation is obtained which contains only geo-
metric quantities, except for the potential. Thus it allows us
to express the arbitrary potential in terms of these geometric
quantities. Note further that the statement holds because we
have already agreed to assume the phantom power law with
the geometric parameters appearing in it fixed by observa-
tional data. This is clearly the unique feature of the ghost-
condensate model (2, 3) which has been referred to in the
above.
Utilizing the identity we obtain the following equation
quadratic in V (φ)









+ (3A − 2B)
2 − 4M4 (A − B/2)
16
= 0 (31)
At this point one may ask whether the constraining



























That this condition is satisfied in general can be established














Since from physical consideration the interaction potential
is required to be real the above observation indicates the
consistency of our formalism.
In the next section we will utilize the solution (32) to
express the generic potential as a function of time employing
the phantom power law. This is the point of departure of our
work from the existing works with the GC model available
in the literature. This, as has been explained in the above,
suits our purpose of showing that inclusion of a potential
widens the allowed range of kinetic energy of the GC model
to realise the phantom regime. Needless to say it is imperative
to verify that the criteria identified above are consistent with
the dynamical evolution.
5 Our model and the phantom evolution
In this section we will verify the validity of the criteria (21,
22) in the phantom evolution scenario. Assuming a phan-
tom power law the time evolutions of both the potential and
kinetic energies will be studied. To get explicit time vari-
ations of these quantities we require the values of various
parameters appearing therein. These parameters include the
phantom power law exponent, the big rip time as well as
the present values of energy density etc. We use the com-
bined WMAP7 + BAO + Hubble data as well as WMAP7 data
[17] as standard data set [32]. Also in our model there is a
free parameter M , the value of which will be estimated self-
consistently using the same observational data.
5.1 Consequence of the phantom power law
We will now find explicit expressions of the potential and
kinetic energies as functions of time. The potential is already










































1 Note that we are assuming dust matter and flat geometry.
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The choice of signs in the Eqs. (35) and (36) should be noted.
This choice is done so as to satisfy (27).
Using the phantom power law we find
H = − β
ts − t (37)
H˙ = − β
(ts − t)2 (38)






























































where MS.I. = M(in ev)×1.62 × 10−2.
Equations (39) and (40) are the desired time variations of
the potential and kinetic energies if the phantom power law
is imposed.
To proceed further input from the observational data is
required. This will enable us to determine the values of the
different geometric parameters appearing in the expressions
of above (39, 40). It will then be possible to check the valid-
ity of the conditions (21, 22). However, before invoking the
observational data a consistency check is necessary. This
involves the verification whether the reconstructed potential
and kinetic energy (39, 40) satisfy Eq. (11), the equation of
motion of the scalar field. The necessary calculations for the
consistency check will be given in the next subsection.
5.2 A consistency check









Substituting this in (11) and after a few steps of calculation


















The above form of (11) can be readily used to verify whether
the reconstructed potential (39) is consistent with the equa-
tion of motion for φ. Using (40) in the left hand side (L.H.S)





























































































































































which is nothing but the R.H.S. of (42). A comparison of (44)
with (45) shows that (42) is satisfied. Hence the reconstructed
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potential is consistent with the equation of motion of the
scalar field.
5.3 Input from the observational data
We take into account the combined cosmic microwave back-
ground (CMB), baryon acoustic oscillations (BAO) and
observational Hubble data (H0) as well as the CMB-WMAP7
dataset seperately. The relevant results are tabulated in Table
1. The usual density parameter is m = 8πGρm/(3H2) and
it is assumed to contain the baryonic matter b and cold dark
matter CDM parts: m = b + CDM. Using the expres-
sion of the critical density ρc = 3H28πG , the matter density at
the present time can be found as ρm0 = m0ρc0. We also set
a0 to 1.
From the phantom power law we get
β = −H0(ts − t0) (46)
Assuming a flat geometry and that at late times the phantom
dark energy will dominate the universe ts can be expressed
as [20]
ts  t0 + 23 |1 + wDE|
−1 H0−1(1 − m0)− 12 (47)
In deriving the above formula it has been assumed that at
late times the dark energy EoS parameter wDE approaches
a constant value. The values of the derived parameters are
given in Table 2.
We are now almost in a position to calculate numerical
values of various quantities as function of time. But one
last point is still missing. We require to fix the parameter
M in the ghost-condensate model. The value of this param-
eter should be chosen so that the quantity within square
root in (39) and (40) is positive ensuring real values for the
potential and kinetic energies. We find that M = 1 ev is a
good choice. Also we choose the upper sign in (39) in order
to ensure positive potential energy. As a consequence the
upper sign in Eq. (40) is selected (see the discussion under
Eq. (36)).
Using values from Tables 1 and 2 in Eqs. (39) we get




(3.3 − t)2 +
5.24 × 10−10
(3.3 − t)2
− 0.661 × 10
−19






− 6.987 × 10
−10













(3.23 − t)2 +
5.232 × 10−10
(3.23 − t)2
− 1.088 × 10
−19






− 6.976 × 10
−10









Similarly for the kinetic energy term we get from Eq. (40)





− 2.642 × 10
−19






Table 1 Maximum likelihood
values for the observed
cosmological parameters in 1σ
confidence level [17]
Parameter WMAP7 + BAO +H0 WMAP7
t0 13.78 ± 0.11 Gyr [(4.33 ± 0.04) × 1017 s] 13.71 ± 0.13 Gyr [(4.32 ± 0.04) × 1017 s]
H0 70.2+1.3−1.4 km/s/Mpc 71.4 ± 2.5 km/s/Mpc
b0 0.0455 ± 0.0016 0.0445 ± 0.0028
CDM0 0.227 ± 0.014 0.217 ± 0.026
Table 2 Corresponding
maximum likelihood values of
the derived parameters
Parameter WMAP7 + BAO + H0 WMAP7
β −6.51+0.24−0.25 6.5 ± 0.4
ρm0 2.52+0.25−0.24 × 10−27 kg/m3 2.50+0.48−0.42 × 10−27 kg/m3
ρc0 9.3+0.3−0.4 × 10−27 kg/m3 9.58+0.68−0.66 × 10−27 kg/m3
ts 104.5+1.9−2.0Gyr[(3.30 ± 0.06) × 1018 s] 102.3 ± 3.5Gyr[(3.23 ± 0.11) × 1018 s]
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Fig. 1 The potential V (φ) plotted against time for the WMAP7 and




























plotted against t for the WMAP7 and WMAP7 + BAO +
H0 data set. Note that M4 = 6.89e − 08 J/m3 always lies above φ˙2
and





− 4.352 × 10
−19






for the WMAP7 + BAO + H0 and WMAP7 dataset respec-
tively.
In Figs. 1 and 2 the evolution of the potential energy and
the kinetic energy term are shown graphically against time.
As expected, these quantities shoot up as the big rip time is
approached. Superposed on the plot of potential energy in
Fig. 1 is the function f (φ˙). It can be clearly seen that the
condition (21) is satisfied throughout the future evolution.
Again from Fig. 2 we observe that the condition (22) is also
satisfied because φ˙2 always lies below M4 = 6.89 × 10−08.
Thus we see that the criteria of realising the phantom regime
(21, 22) are satisfied by the present model.
6 Conclusion
Recent observations [17,18] indicate that there is a fair pos-
sibility of the late-time universe to follow the phantom evo-
lution. The ghost condensate (GC) model is a dark energy
model which realises the samke phantom evolution while
eradicating some of the critical problems of the original phan-
tom model. The inclusion of a self-interaction in this model
appears to be a matter of choice in the literature [4]. In this
paper we have considered a ghost condensate (GC) model
with an arbitrary potential term in a flat FLRW universe.
The standard barotropic matter equation of state is assumed.
Keeping the potential arbitrary we have derived new condi-
tions for this model to realise the phantom regime. These
include a condition on the potential energy (coming from
the positive energy condition) and another condition on the
allowed range of the kinetic energy so that the EoS param-
eter satisfies the phantom limit. This computation shows
that the inclusion of a generic self-interaction widens the
range of kinetic energy for achieving the phantom evolu-
tion. Naturally the question comes whether these new con-
ditions derived here are maintained throughout the late time
evolution of the universe. Now one has to start with a defi-
nite potential to trace the dynamics of any system. Since the
purpose of the present paper is to stress the inclusion of a
potential in the GC model we do not assume any specific
functional form of the potential apriori. We observed that the
structure of the ghost-condensate model gives a non-trivial
significance to the obvious identity (30). This allowed us
to express the arbitrary potential in terms of the observable
geometric quantities. These geometric quantities are model


















Fig. 3 ωφ plotted against t for the WMAP7 and WMAP7 + BAO + H0
data set
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As recent observations [17,18] indicate that there is
a fair possibility of the late-time universe to follow the
phantom evolution we have assumed the phantom power
law for the scale factor. To determine the parameters
appearing in the power law we have used the combined
WMAP7 + BAO + Hubble as well as WMAP7 dataset. Con-
sequently, we obtained the potential and kinetic energies as
functions of time. We have plotted the function f (φ˙) (see
Eq. (21)) along with V (φ) in Fig. 1 and the line φ˙2 = M4
along with φ˙2 in Fig. 2. These plots revealed that the con-
ditions which were derived earlier for our model to realise
the phantom regime holds throughout the future evolution.
Naturally the equation of state parameter ωφ should remain
phantom-like. The variation of ωφ against time, shown in
Fig. 3, clearly exibits the same.
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